a twodimensional domain, we establish a div-curl formulation for the Stokes Dirichlet boundary value problem. The derivation of this formulation is baaed on a Harmonic representation formula given by Kratz. Existence and uniqueness of solutions for the div-curl formulation are proved.
INTRODUCTION
We consider the Stokes equations with a Dirichlet boundary condition posed on a two-dimensional, bounded, Lipschitz domain R. We denote by I? the boundary of R. Without loss of generality, we assume the boundary I? does not contain the origin.
-Au + gradp = 0, in R, divu=O, inR, and u = g, on I?,
where u and p stand for the velocity field and the pressure field, respectively, and g is a given, sufficiently smooth velocity profile on the boundary satisfying the compatibility condition Jg n&=0. r
In [l], Kratz derived a harmonic representation formula for the solutions of the Stokes equations -Au + gradp = 0, in R, and divu=O, inR.
We introduce some notations before stating Kratz's theorem. We write a vector x E JR2 as (zi,zs).
Thus, the vector field u can be written as (~1, '112). The scalar-valued and vector-valued curl operators are defined by respectively. Corresponding to each vector x E R2 we denote by xl a vector orthogonal to x defined by: xl = (zz, -x1) vx= (2i,22).
On the boundary I', we let n = (ni, 122) denote the unit outward normal and 7 = (-7~2, ni) denote the unit tangential.
We will also make use of standard notations for Sobolev spaces and their norms. See [2] for details.
L.S. Hou, H. MANOUZI
We are now prepared to state Kratz's representation formula. Furthermore, the function w satisfying (2)- (4) (3) and (4) to calculate (u,p). Lemma 1 gives no indication how the unique w can be solved directly due to the lack of a boundary condition to equation (2) . The goal of this article is to derive the following characterization of w:
LEMMA 1. (qp)
We will show that the solution to (6) is unique up to an additive linear term. Formally, this variational problem is a weak formulation of the differential equation (2) with the boundary condition w = g + a (div w) x + i (curl w) x I. Finite element approximations of solutions for this system can be easily defined and implemented without regard to the inf-sup condition that is required of the classical mixed method for the Stokes equations in the primitive variable formulation;
see [3] . Numerical results for this div-curl formulation can be found in [4] . In Section 2, we will derive the div-curl formulation (6) for w corresponding to a solution (u,p) of (1). I n s t ec ion 3, we will demonstrate that each solution w of (6) can be interpreted as a solution of a boundary value problem for (2); consequently, (u,p) given by (3) and (4) is a solution to (1) . In Section 4, we will establish the uniqueness of solutions to (6).
THE DERIVATION OF THE DIV-CURL FORMULATION
Let (u, p) be a solution of (1) and w the unique harmonic function given by Lemma 1. We will demonstrate w satisfies (6). Let us first establish some identities for some vector field operations. 
LEMMA 2. Assume w, v E H2(R). Then we have the formula
cl cl r PROOF. See [4] . I
We are now prepared to derive the formulation (6) for w. PROOF. Assume (u,p) is a solution to (1) and let w be the unique corresponding function satisfying (2)-(4). Using (2) and (9), we obtain:
r By taking the lR2-inner product of (3) with x and using x . xl = 0, we obtain divw = .
_ & (x . w -x . u) , or, by restricting to l? and using the boundary condition divw = ,,i,,, -
Similarly, by taking the R2-inner product of (3) Thus, the proof of the theorem is completed by using the denseness of H2(fl) in H1(R).
CORRESPONDING PARTIAL DIFFERENTIAL EQUATIONS AND BOUNDARY CONDITIONS
In order for (6) to be of practical use, we have to demonstrate it does not possess spurious solutions, or at least we have ways to filter out spurious solutions. This issue will be resolved in this and the next section. We first interprete each solution to (6) as a solution to a nontrivial type boundary value problem for the vector-valued Laplacian equation (2).
THEOREM 4.
Assume w E H2(s2) is a solution of (6). Then w satisfies the differential equation
Aw=O, in a,
and the boundary condition w=g+i(divw)x+i(curlw)xl, on r.
PROOF. We first note that w E H'(n) implies divw E H1/2(l?) and curlw E H1/2(P). For each v E H'(Q), we obtain from (6) and (9) that
By restricting test functions v to C$'(fl), we see that J Aw -v dS2 = 0 for all v E C? (a) so that R Aw=O, in R.
Using (13) again, we have
Then by choosing test functions v E {z E H'(R) : (z . ~)r = 0}, we obtain
di-&(X.w) = -&(x%L on r.
Similarly, by choosing test functions v E {z E H'(Q) : (z . n)r = 0) we obtain
We may write w -g as a linear combiniation of the orthogonal basis {x,x-'-}:
so that using (14) and (15),
We see from this theorem that each regular solution w to (6) satisfies (2) . Once a solution w is found, we can employ (3) and (4) to generate a solution to (1). THEOREM 5. Assume w E H2(n) is a solution of (6). Let (up) be defined by (3) and (4) . Then (u, p) satisfies the Stokes boundary value problem (1).
PROOF. Theorem 4 implies w satisfies (2) and w = g+ i(divw)x+ i(curlw)x', on r.
P-3
Let (u,p) be defined by (3) and (4). Then Lemma 1 implies that -AU + g&p = 0, in Q, and div u = 0, Also, by restricting (3) to l? and using (16), we obtain u = g, on r.
in R.
UNIQUENESS OF REGULAR SOLUTIONS TO THE DIV-CURL FORMULATION
Theorems 3-5 established the equivalence, at least in the class of regular solutions, between solving for (u,p) from (3) and (4) via (6) and solving for (u, p) from (1). Since the uniqueness of solutions to (1) is well known (p being unique up to an arbitrary additive constant), we expect from (4) that the solutions of (6) are unique in the sense that div w can differ by an arbitrary additive constant. In fact, we have the following uniqueness result with an explicit recipe for the arbitrary additive term. THEOREM 6. Assume w E H2(n) and C E H2(n) are two solutions of (6). Then w-G = i crx where CY is an arbitrary constant. 
